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BIHARMONIC SUBMANIFOLDS OF CPn
D. FETCU, E. LOUBEAU, S. MONTALDO, AND C. ONICIUC
Abstract. We give some general results on proper-biharmonic submanifolds of
a complex space form and, in particular, of the complex projective space. These
results are mainly concerned with submanifolds with constant mean curvature or
parallel mean curvature vector field. We find the relation between the bitension
field of the inclusion of a submanifold M¯ in CPn and the bitension field of the
inclusion of the corresponding Hopf-tube in S2n+1. Using this relation we produce
new families of proper-biharmonic submanifolds of CPn. We study the geometry
of biharmonic curves of CPn and we characterize the proper-biharmonic curves
in terms of their curvatures and complex torsions.
1. Introduction
Biharmonic maps ϕ : (M,g)→ (N,h) between Riemannian manifolds are critical
points of the bienergy functional
E2(ϕ) =
1
2
∫
M
|τ(ϕ)|2 vg,
where τ(ϕ) = trace∇dϕ is the tension field of ϕ that vanishes on harmonic maps.
The Euler-Lagrange equation corresponding to E2 is given by the vanishing of the
bitension field
(1.1) τ2(ϕ) = −Jϕ(τ(ϕ)) = −∆ϕτ(ϕ) − traceRN (dϕ, τ(ϕ))dϕ,
where Jϕ is formally the Jacobi operator of ϕ (see [16]). The operator Jϕ is linear,
thus any harmonic map is biharmonic. We call proper-biharmonic the non-harmonic
biharmonic maps.
The analytic aspects of biharmonic maps as well as the differential geometry of
such maps have been studied in the last decade (see, for example, [7, 17, 22, 23]
and [2, 10, 16, 21, 24], respectively).
In this paper we shall focus our attention on proper-biharmonic submanifolds, i.e.
on submanifolds such that the inclusion map is a proper-biharmonic map.
The proper-biharmonic submanifolds of a real space form were extensively studied,
see, for example, [3, 4, 5, 6, 8, 11]. Naturally, the next step has been the study of
proper-biharmonic submanifolds of spaces of non-constant sectional curvature (see,
for example, [1, 13, 14, 15, 25, 26, 27]).
This work is devoted to the study of proper-biharmonic submanifolds in a com-
plex space form. This subject has already been started by several authors. In [9]
some pinching conditions for the second fundamental form and the Ricci curva-
ture of a biharmonic Lagrangian submanifold of CPn, with parallel mean curvature
vector field, were obtained. In [26], the author gave a classification of biharmonic
Lagrangian surfaces of constant mean curvature in CP 2. Finally, in [14], there is a
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characterization of biharmonic constant mean curvature real hypersurfaces of CPn
and the classification of biharmonic homogeneous real hypersurfaces of CPn.
The paper is organized as follows. In the first part we obtain some general prop-
erties on proper-biharmonic submanifolds with constant mean curvature, or parallel
mean curvature vector field, of the complex projective space endowed with the stan-
dard Fubini-Study metric. When the ambient space is a complex space form of
non-positive holomorphic curvature we obtain non-existence results.
In the second part we consider the Hopf map defined as the restriction of the
natural projection π : Cn+1 \ {0} → CPn to the sphere S2n+1, which defines a
Riemannian submersion. For a real submanifold M¯ of CPn we denote by M :=
π−1(M¯) the Hopf-tube over M¯ . We obtain the formula which relates the bitension
field of the inclusion of M¯ in CPn and the bitension field of the inclusion of M =
π−1(M¯) in S2n+1 (Theorem 3.3). Using this formula we are able to produce a new
class of proper-biharmonic submanifolds M¯ of CPn when M is of “Clifford type”
(Theorem 4.2), and to reobtain a result in [27] when M is a product of circles
(Theorem 4.10).
We note that M¯ is minimal (harmonic) in CPn if and only if M is minimal in
S
2n+1 (see [18]) but, for what concerns the biharmonicity, the result does not hold
anymore.
In the last part of the paper we concentrate on the geometry of proper-biharmonic
curves of CPn. We characterize all proper-biharmonic curves of CPn in terms of
their curvatures and complex torsions. Then, using the classification of holomorphic
helices of CP 2 given in [19], we determine all proper-biharmonic curves of CP 2
(Theorem 6.1).
2. Biharmonic submanifolds of complex space forms
Let En
C
(4c) be a complex space form of holomorphic sectional curvature 4c. Let
us denote by J¯ the complex structure and by 〈, 〉 the Riemannian metric on En
C
(4c).
Then its curvature operator is given, for vector fields X,Y and Z, by
RE
n
C
(4c)(X,Y )Z = c{〈Y,Z〉X − 〈X,Z〉Y(2.1)
+〈J¯Y, Z〉J¯X − 〈J¯X,Z〉J¯Y + 2〈X, J¯Y 〉J¯Z}.
Let now
¯ : M¯ m¯ → EnC(4c)
be the canonical inclusion of a submanifold M¯ in En
C
(4c) of real dimension m¯. Then
the bitension field becomes
(2.2) τ2(¯) = −m¯{∆¯H¯ − cm¯H¯ + 3cJ¯
(
J¯ H¯
)⊤},
where H¯ denotes the mean curvature vector field, ∆¯ is the rough Laplacian, and
()⊤ denotes the tangential component to M¯ . The overbar notation will be justified
in the next section. If we assume that J¯H¯ is tangent to M¯ , then (2.2) simplifies to
(2.3) τ2(¯) = −m¯{∆¯H¯ − c(m¯+ 3)H¯}.
Decomposing (2.3) with respect to its tangential and normal component we get
Proposition 2.1. Let M¯ be a real submanifold of En
C
(4c) of dimension m¯ such that
J¯H¯ is tangent to M¯ . Then M¯ is biharmonic if and only if
(2.4)
{
∆⊥H¯ + trace B¯(·, A¯H¯ (·))− c(m¯+ 3)H¯ = 0
4 trace A¯∇⊥
(·)
H¯(·) + m¯ grad(|H¯|2) = 0
,
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where A¯ denotes the Weingarten operator, B¯ the second fundamental form, H¯ the
mean curvature vector field, ∇⊥ and ∆⊥ the connection and the Laplacian in the
normal bundle of M¯ in En
C
(4c).
Proof. Since H¯ is normal to M¯ , from (2.3) we only have to split ∆¯H¯. With respect
to a geodesic frame {Xi}m¯i=1 around an arbitrary point p ∈ M¯ , we have
−∆¯H¯ =
m¯∑
i=1
∇¯Xi∇
¯
Xi
H¯.
Thus, around p,
∇¯XiH¯ = ∇⊥XiH¯ − A¯H¯(Xi),
∇¯Xi∇
¯
Xi
H¯ = ∇⊥Xi∇⊥XiH¯ − A¯∇⊥Xi H¯(Xi)− B¯(Xi, A¯H¯(Xi))−∇
M¯
XiA¯H¯(Xi)
and, at p,
m¯∑
i=1
∇¯Xi∇
¯
Xi
H¯ = −∆⊥H¯ − trace A¯∇⊥
(·)
H¯(·) − trace B¯(·, A¯H¯ (·))− trace∇M¯ A¯H¯(·, ·),
where∇M¯ is the Levi-Civita connection on M¯ . Moreover, a long but straightforward
computation gives
trace∇M¯ A¯H¯(·, ·) =
m¯∑
i=1
∇M¯XiA¯H¯(Xi)
=
∑
i,j
∇M¯Xi(〈A¯H¯(Xi),Xj〉Xj) =
∑
i,j
(Xi〈A¯H¯(Xi),Xj〉)Xj
=
∑
i,j
(Xi〈B¯(Xj ,Xi), H¯〉)Xj =
∑
i,j
(Xi〈∇¯XjXi, H¯〉)Xj
=
∑
i,j
{〈∇¯Xi∇
¯
Xj
Xi, H¯〉+ 〈∇¯XjXi,∇
¯
Xi
H¯〉}Xj
=
∑
i,j
{〈∇¯Xi∇
¯
Xj
Xi, H¯〉+ 〈B¯(Xj ,Xi),∇⊥XiH¯〉}Xj
=
∑
i,j
{〈∇¯Xi∇
¯
Xj
Xi, H¯〉+ 〈A¯∇⊥
Xi
H¯(Xi),Xj〉}Xj
=
∑
i,j
〈∇¯Xi∇
¯
Xj
Xi, H¯〉Xj +
∑
i
A¯∇⊥
Xi
H¯(Xi).
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Further, using the curvature tensor field of the pull-back bundle (¯)−1TEn
C
(4c), we
get
trace∇M¯ A¯H¯(·, ·) =
∑
i,j
〈REnC(4c)(Xi,Xj)Xi +∇¯Xj∇
¯
Xi
Xi +∇¯[Xi,Xj ]Xi, H¯〉Xj
+
∑
i
A¯∇⊥
Xi
H¯(Xi)
= c
∑
i,j
〈〈Xi,Xj〉Xi − 〈Xi,Xi〉Xj
+〈J¯Xj ,Xi〉J¯Xi − 〈J¯Xi,Xi〉J¯Xj + 2〈Xi, J¯Xj〉J¯Xi, H¯〉Xj
+
∑
i,j
〈∇¯Xj B¯(Xi,Xi) +∇
¯
Xj
∇XiXi, H¯〉Xj +
∑
i
A¯∇⊥
Xi
H¯(Xi)
= 3c
∑
i,j
〈J¯(〈J¯Xj ,Xi〉Xi), H¯〉Xj + m¯
∑
j
〈∇¯Xj H¯, H¯〉Xj
+
∑
i,j
〈∇M¯Xj∇M¯XiXi + B¯(Xj ,∇M¯XiXi), H¯〉Xj +
∑
i
A¯∇⊥
Xi
H¯(Xi)
=
m¯
2
∑
j
Xj(|H¯ |2)Xj
+3c
∑
j
〈J¯((J¯Xj)⊤), H¯〉Xj +
∑
i
A¯∇⊥
Xi
H¯(Xi).
Therefore
m¯∑
i=1
∇M¯XiA¯H¯(Xi) =
m¯
2
grad(|H¯ |2) + 3c
∑
j
〈J¯((J¯Xj)⊤), H¯〉Xj +
∑
i
A¯∇⊥
Xi
H¯(Xi).
Finally, taking into account that J¯H¯ is tangent to M¯ , we have
∆¯H¯ = ∆⊥H¯ + 2 trace A¯∇⊥
(·)
H¯(·) + trace B¯(·, A¯H¯(·)) +
m¯
2
grad(|H¯|2)
which gives, together with (2.3), the desired result. 
If M¯ is a hypersurface, then J¯H¯ is tangent to M¯ , and the previous proposition
gives the following result of [14]
Corollary 2.2. Let M¯ be a real hypersurface of En
C
(4c) of non-zero constant mean
curvature. Then it is proper-biharmonic if and only if
|B¯|2 = 2c(n + 1).
Proposition 2.1 can be applied also in the case of Lagrangian submanifolds. We
recall here that M¯ is called a Lagrangian submanifold if dim M¯ = n and ¯∗Ω = 0,
where Ω is the fundamental 2-form on En
C
(4c) defined by Ω(X,Y ) = 〈X, J¯Y 〉, for
any vector fields X and Y tangent to En
C
(4c).
Corollary 2.3. Let M¯ be a Lagrangian submanifold of En
C
(4c) with parallel mean
curvature vector field. Then it is biharmonic if and only if
trace B¯(·, A¯H¯(·)) = c(n+ 3)H¯.
In the sequel we shall consider only the case of complex space forms with positive
holomorphic sectional curvature. A partial motivation of this fact is that Corol-
lary 2.2 rules out the case c ≤ 0. As usual, we consider the complex projective space
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CPn = (Cn+1 \ {0})/R∗, endowed with the Fubini-Study metric, as the model for
the complex space form of positive constant holomorphic sectional curvature 4.
Proposition 2.4. Let M¯ be a real submanifold of CPn of dimension m¯ such that
J¯H¯ is tangent to M¯ . Assume that it has non-zero constant mean curvature. We
have
(a) If M¯ is proper-biharmonic, then |H¯|2 ∈ (0, m¯+3m¯ ].
(b) If |H¯ |2 = m¯+3m¯ , then M¯ is proper-biharmonic if and only if it is pseudo-
umbilical and ∇⊥H¯ = 0.
Proof. Let M¯ be a real submanifold of CPn of dimension m¯ such that J¯H¯ is tangent
to M¯ . Assume that it has non-zero constant mean curvature, and it is biharmonic.
As M¯ is biharmonic we have
∆⊥H¯ = (m¯+ 3)H¯ − trace B¯(·, A¯H¯ (·)),
so
〈∆⊥H¯, H¯〉 = (m¯+ 3)|H¯ |2 −
m¯∑
i=1
〈B¯(Xi, A¯H¯(Xi)), H¯〉 = (m¯+ 3)|H¯ |2 − |A¯H¯ |2.
Replacing in the Weitzenbo¨ck formula (see, for example, [12])
1
2
∆|H¯|2 = 〈∆⊥H¯, H¯〉 − |∇⊥H¯|2
the expression of 〈∆⊥H¯, H¯〉, and using the fact that |H¯ | is constant, we obtain
(2.5) (m¯+ 3)|H¯ |2 = |A¯H¯ |2 + |∇⊥H¯|2.
Let p be an arbitrary point of M¯ and let {Xi}m¯i=1 be an orthonormal basis of TpM¯
such that A¯H¯(Xi) = λiXi. We have
λi = 〈A¯H¯(Xi),Xi〉 = 〈B¯(Xi,Xi), H¯〉
which implies
m¯∑
i=1
λi = m¯|H¯|2
or, equivalently,
|H¯|2 =
∑m¯
i=1 λi
m¯
.
Then the square of the norm of A¯H¯ becomes
|A¯H¯ |2 =
m¯∑
i=1
〈A¯H¯(Xi), A¯H¯(Xi)〉 =
m¯∑
i=1
(λi)
2.
Replacing in (2.5) we get
m¯+ 3
m¯
∑
i
λi =
∑
i
(λi)
2 + |∇⊥H¯|2 ≥ (
∑
i λi)
2
m¯
+ |∇⊥H¯|2.
Therefore
(m¯+ 3)|H¯ |2 ≥ m¯|H¯|4 + |∇⊥H¯|2 ≥ m¯|H¯|4,
so
|H¯|2 ∈ (0, m¯+ 3
m¯
].
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(b) If |H¯ |2 = m¯+3m¯ and M¯ is biharmonic, the above inequalities become equalities,
and therefore λ1 = · · · = λm and ∇⊥H¯ = 0, i.e. M¯ is pseudo-umbilical and ∇⊥H¯ =
0.
Conversely, it is clear that if |H¯|2 = m¯+3m¯ and M¯ is pseudo-umbilical with ∇⊥H¯ = 0,
then M¯ is proper-biharmonic. 
Remark 2.5. We shall see in Proposition 5.1 that the upper bound of |H¯|2 is
reached in the case of curves.
Proposition 2.6. Let M¯ be a proper-biharmonic real hypersurface of CPn of con-
stant mean curvature |H¯|. Then its scalar curvature sM¯ is constant and given by
sM¯ = 4n2 − 2n − 4 + (2n − 1)2|H¯|2.
Proof. Let M¯2n−1 be a proper-biharmonic real hypersurface of CPn with constant
mean curvature, so |B¯|2 = 2(n + 1).
The Gauss equation for the submanifold M¯ of CPn is
〈RM¯ (X,Y )Z, T 〉 = 〈RCPn(X,Y )Z, T 〉(2.6)
−〈B¯(Y, T ), B¯(X,Z)〉 + 〈B¯(X,T ), B¯(Y,Z)〉,
where RM¯ is the curvature tensor field of M¯ .
Let us denote by ρM¯ (X,Y ) = trace{Z → RM¯ (Z,X)Y } the Ricci tensor.
Computing (2.6) for X = T = Xi, where {Xi}2n−1i=1 is a local orthonormal frame
field, we have
〈RM¯ (Xi, Y )Z,Xi〉 = 〈〈Z, Y 〉Xi − 〈Z,Xi〉Y,Xi〉
+〈〈J¯Y, Z〉J¯Xi,Xi〉 − 〈〈J¯Xi, Z〉J¯Y,Xi〉
+2〈〈Xi, J¯Y 〉J¯Z,Xi〉
−〈B¯(Y,Xi), B¯(Xi, Z)〉+ 〈B¯(Xi,Xi), B¯(Y,Z)〉
= 〈Z, Y 〉 − 〈Z,Xi〉〈Y,Xi〉
+〈J¯Y, Z〉〈J¯Xi,Xi〉 − 〈J¯Xi, Z〉〈J¯Y,Xi〉
+2〈Xi, J¯Y 〉〈J¯Z,Xi〉 − 〈B¯(Y,Xi), B¯(Z,Xi)〉
+〈B¯(Xi,Xi), B¯(Y,Z)〉
= 〈Z, Y 〉 − 〈Z,Xi〉〈Y,Xi〉+ 3〈J¯Z,Xi〉〈J¯Y,Xi〉
−〈A¯(Y ),Xi〉〈A¯(Z),Xi〉+ 〈B¯(Xi,Xi), B¯(Y,Z)〉,
where H¯ = |H¯ |η¯ and A¯ = A¯η¯. Therefore
ρM¯ (Y,Z) =
2n−1∑
i=1
〈RM¯ (Xi, Y )Z,Xi〉
= (2n− 1)〈Z, Y 〉 − 〈Z, Y 〉+ 3〈(J¯Z)⊤, (J¯Y )⊤〉
−〈A¯(Y ), A¯(Z)〉+ (2n − 1)|H¯ |〈A¯(Y ), Z〉.
Now,
〈J¯Z, J¯Y 〉 = 〈Z, Y 〉
= 〈(J¯Z)⊤ + 〈J¯Z, η¯〉η¯, (J¯Y )⊤ + 〈J¯Y, η¯〉η¯〉
= 〈(J¯Z)⊤, (J¯Y )⊤〉+ 〈J¯Z, η¯〉〈J¯Y, η¯〉,
which implies
〈(J¯Z)⊤, (J¯Y )⊤〉 = 〈Z, Y 〉 − 〈Z, J¯ η¯〉〈Y, J¯ η¯〉.
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Replacing in the above expression of the Ricci tensor, we get
ρM¯ (Y,Z) = 2(n − 1)〈Z, Y 〉+ 3{〈Y,Z〉 − 〈Z, J¯η〉〈Y, J¯ η¯〉}
−〈A¯(Y ), A¯(Z)〉+ (2n − 1)|H¯ |〈A¯(Y ), Z〉.
Finally, taking the trace, we have
sM¯ =
2n−1∑
i=1
ρM¯ (Xi,Xi) = 2(n − 1)(2n − 1) + 3(2n − 1)
−|J¯ η¯|2 − |A¯|2 + (2n − 1)2|H¯|2
= (2n− 2 + 3)(2n − 1)− 1− 2(n + 1) + (2n− 1)2|H¯|2
= 4n2 − 2n− 4 + (2n− 1)2|H¯|2.

Another important family of submanifolds of CPn is that consisting of the sub-
manifolds for which J¯ H¯ is normal to M¯ . In this case, using an argument similar to
the case when J¯H¯ is tangent to M¯ , we have the following result
Proposition 2.7. Let M¯ be a real submanifold of CPn of dimension m¯ such that
J¯H¯ is normal to M¯ . Then M¯ is biharmonic if and only if
(2.7)
{
∆⊥H¯ + trace B¯(·, A¯H¯ (·))− m¯H¯ = 0
4 trace A¯∇⊥
(·)
H¯(·) + m¯ grad(|H¯|2) = 0
.
Moreover, if J¯H¯ is normal to M¯ and M¯ has parallel mean curvature, then M¯ is
biharmonic if and only if
trace B¯(·, A¯H¯ (·)) = m¯H¯.
Also in this case, if the mean curvature is constant we can bound its value, as it
is shown by the following
Proposition 2.8. Let M¯ be a real submanifold of CPn of dimension m¯ such that
J¯H¯ is normal to M¯ . Assume that it has non-zero constant mean curvature. We
have
(a) If M¯ is proper-biharmonic, then |H¯|2 ∈ (0, 1].
(b) If |H¯|2 = 1, then M¯ is proper-biharmonic if and only if it is pseudo-umbilical
and ∇⊥H¯ = 0.
Remark 2.9. We shall see in Proposition 5.5 (a), that the upper bound is reached
in the case of curves.
3. The Hopf fibration and the biharmonic equation
Let π : Cn+1 \ {0} → CPn be the natural projection. Then π restricted to the
sphere S2n+1 of Cn+1 gives rise to the Hopf fibration π : S2n+1 → CPn and if 4c = 4
then π : S2n+1 → CPn defines a Riemannian submersion. In the sequel we shall look
at S2n+1 as a hypersurface of R2n+2 and we shall denote by Jˆ the complex structure
of R2n+2.
Let M¯ be a real submanifold of CPn of dimension m¯ and denote byM := π−1(M¯)
the Hopf-tube over M¯ . If we denote by ¯ : M¯ → CPn and  : M → S2n+1 the
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respective inclusions we have the following diagram
M
−−−−→ S2n+1y y π
M¯
¯−−−−→ CPn.
We shall now find the relation between the bitension field of the inclusion ¯ and
the bitension field of the inclusion . For this, let {X¯k}m¯k=1 be a local orthonormal
frame field tangent to M¯ , 1 ≤ m¯ ≤ 2n−1, and let {η¯α}2nα=m¯+1 be a local orthonormal
frame field normal to M¯ . Let us denote by Xk := X¯
H
k and ηα := η¯
H
α the horizontal
lifts with respect to the Hopf map and by ξ the Hopf vector field on S2n+1 which
is tangent to the fibres of the Hopf fibration, i.e. ξ(p) = −Jˆp, for any p ∈ S2n+1.
Then {ξ,Xk} is a local orthonormal frame field tangent to M and {ηα} is a local
orthonormal frame field normal to M .
Lemma 3.1. Let X = X¯H ∈ C(TM), where X¯ ∈ C(TM¯), and V = V¯ H ∈
C(−1(TS2n+1)), where V¯ ∈ C((¯)−1(TCPn)). Then
∇XV = (∇¯X¯ V¯ )H + 〈V, JˆX〉ξ = (∇
¯
X¯
V¯ )H + (〈V¯ , J¯X¯〉 ◦ π)ξ,
where ∇ and ∇¯ denote the pull-back connections on −1(TS2n+1) and (¯)−1(TCPn),
respectively.
Proof. Decomposing ∇XV in its horizontal and vertical components we have
∇XV = ∇X¯H V¯ H = (∇
¯
X¯
V¯ )H + 〈∇XV, ξ〉ξ.
Now,
〈∇XV, ξ〉 = −〈V,∇Xξ〉 = −〈V, ∇ˆXξ + 〈X, ξ〉p〉
= 〈V, ∇ˆX Jˆp〉 = 〈V, JˆX〉 = 〈V¯ , J¯ X¯〉 ◦ π,
where ∇ˆ is the Levi-Civita connection on the Euclidean space E2n+2. 
Lemma 3.2. If V = V¯ H ∈ C(−1(TS2n+1)), V¯ ∈ C((¯)−1(TCPn)), then
∆V = (∆¯V¯ )H + 2div((JˆV )⊤)ξ + 〈V, Jˆτ()〉ξ + V − Jˆ(JˆV )⊤,
where ∆ and ∆¯ are the rough Laplacians acting on sections of −1(TS2n+1) and
(¯)−1(TCPn), respectively, whilst (V )⊤ denotes the component of V tangent to M .
Proof. The Laplacian ∆ is given by
−∆V =
m¯∑
i=1
{∇Xi∇

Xi
V −∇∇M
Xi
Xi
V }+∇ξ∇ξV −∇∇M
ξ
ξ
V.
We compute each term separately. From Lemma 3.1 we have
∇Xi∇

Xi
V = (∇¯
X¯i
∇¯
X¯i
V¯ )H + 〈∇XiV, JˆXi〉ξ +∇

Xi
(〈V, JˆXi〉ξ)
= (∇¯
X¯i
∇¯
X¯i
V¯ )H + 2〈∇XiV, JˆXi〉ξ
+〈V,∇Xi JˆXi〉ξ + 〈JˆV,Xi〉JˆXi.
Using
∇Xi JˆXi = Jˆ∇

Xi
Xi + ξ
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we get
∇Xi∇

Xi
V = (∇¯
X¯i
∇¯
X¯i
V¯ )H + 2〈∇XiV, JˆXi〉ξ(3.1)
+〈V, Jˆ∇XiXi〉ξ + Jˆ(〈JˆV,Xi〉Xi).
Next
(3.2) ∇∇M
Xi
Xi
V = (∇¯∇M¯
X¯i
X¯i
V¯ )H + 〈V, Jˆ∇MXiXi〉ξ.
Summing (3.1) and (3.2) up we find
−∆V = −(∆¯V¯ )H + 2
m¯∑
i=1
〈∇XiV, JˆXi〉ξ + 〈V, Jˆ
m¯∑
i=1
(∇XiXi −∇MXiXi)〉ξ
+
m¯∑
i=1
Jˆ(〈JˆV,Xi〉Xi) +∇ξ∇ξV
= −(∆¯V¯ )H + 2
m¯∑
i=1
〈∇XiV, JˆXi〉ξ + 〈V, Jˆτ()〉ξ
+Jˆ(JˆV )⊤ +∇ξ∇ξV.
We now compute the extra terms in the above equation.
m¯∑
i=1
〈∇XiV, JˆXi〉 =
m¯∑
i=1
{−Xi〈JˆV,Xi〉+ 〈JˆV,∇XiXi〉}(3.3)
= 〈JˆV, τ()〉 −
m¯∑
i=1
{Xi〈JˆV,Xi〉 − 〈JˆV,∇MXiXi〉}
= 〈JˆV, τ()〉 − div((JˆV )⊤).
Finally
∇ξV = H(∇ξV ) + 〈∇ξV, ξ〉ξ = H(∇ξV )
= H(∇V ξ) = H(∇ˆV ξ + 〈V, ξ〉p) = H(−JˆV ) = −JˆV
which gives
∇ξ∇ξV = −V

Before giving the relation between the bitension fields we need to compute the
trace of the curvature operators. One gets immediately
(3.4) − traceRS2n+1(d, τ())d = (m¯+ 1)τ()
and
(3.5) − traceRCPn(d¯, τ(¯))d¯ = m¯τ(¯)− 3J¯(J¯τ(¯))⊤.
We are now ready to state the main theorem of this section
Theorem 3.3. Let M¯ be a real submanifold of CPn of dimension m¯ and denote
by M := π−1(M¯) the corresponding Hopf-tube. If we denote by ¯ : M¯ → CPn and
 : M → S2n+1 the respective inclusions we have that
(3.6) (τ2(¯))
H = τ2()− 4Jˆ(Jˆτ())⊤ + 2div((Jˆτ())⊤)ξ.
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Proof. From (1.1) and (3.4) we have
τ2() = −∆τ() + (m¯+ 1)τ().
Next, since τ() = (τ(¯))H , using Lemma 3.2 and (3.5) we find the assertion of the
theorem. 
Remark 3.4. (i) Using the horizontal lift, it is straightforward to check that
(3.6) can be written as
(τ2(¯))
H = τ2()− 4(J¯(J¯τ(¯))⊤)H + 2(divM¯ ((J¯τ(¯))⊤) ◦ π)ξ.
(ii) If Jˆτ() is normal to M , then τ2(¯) = 0 if and only if τ2() = 0.
(iii) If Jˆτ() is tangent to M , then τ2(¯) = 0 and divM¯ ((J¯τ(¯))
⊤) = 0 if and only
if τ2() + 4τ() = 0.
(iv) Assume that, locally, M = π−1(M¯) = S1 × M˜ , where M˜ is an integral
submanifold of S2n+1, i.e. 〈X˜p˜, ξ(p˜)〉 = 0, for any vector X˜p˜ tangent to M˜ .
Denote by ˜ : M˜ → S2n+1 the canonical inclusion, and by {φt} the flow of ξ.
We know that τ2()(t,p˜) = (dφt)p˜(τ2(˜)), see [13], and we can check that, at
p˜,
(τ2(¯))
H = τ2(˜)− 4Jˆ(Jˆτ(˜))⊤ + 2divM˜ ((Jˆτ(˜))⊤)ξ.
To state the next results we recall that a smooth map ϕ : (M,g) → (N,h) is
called λ-biharmonic if it is a critical point of the λ-bienergy
E2(ϕ) + λE(ϕ),
where λ is a real constant. The critical points of the λ-bienergy satisfy the equation
τ2(ϕ) − λτ(ϕ) = 0.
Proposition 3.5. Let M¯ be a real hypersurface of CPn of constant mean curvature
and denote by M = π−1(M¯) the Hopf-tube over M¯ . Then τ2(¯) = 0 if and only if
τ2() + 4τ() = 0, i.e.  is (−4)-biharmonic.
Proof. We have (J¯τ(¯))⊤ = J¯τ(¯) and it remains to prove that divM¯ (J¯τ(¯)) =
0. Let η¯ be a local unit section in the normal bundle of M¯ in CPn and con-
sider {X¯1, J¯X¯1, . . . , X¯n−1, J¯ X¯n−1, J¯ η¯} a local orthonormal frame field tangent to
M¯ . Since M¯ is a hypersurface of constant mean curvature, it is enough to prove
that divM¯ (J¯ η¯) = 0. But, denoting by A¯η¯ the shape operator of M¯ ,
〈∇M¯X¯a J¯ η¯, X¯a〉 = 〈A¯η¯(X¯a), J¯ X¯a〉, 〈∇
M¯
J¯X¯b
J¯ η¯, J¯X¯b〉 = −〈A¯η¯(X¯b), J¯ X¯b〉,
for any 1 ≤ a, b ≤ n− 1, and
〈∇M¯J¯η¯J¯ η¯, J¯ η¯〉 = 0,
so we conclude. 
Proposition 3.6. Let M¯ be a Lagrangian submanifold of CPn with parallel mean
curvature vector field and denote by M = π−1(M¯ ) the Hopf-tube over M¯ . Then ¯ is
biharmonic if and only if  is (−4)-biharmonic.
Proof. Since M¯ is a Lagrangian submanifold, dim M¯ = m¯ = n and J¯(TM¯ ) = NM¯
(therefore J¯(NM¯ ) = TM¯). We have that J¯τ(¯) ∈ C(TM¯) and we shall prove that
∇M¯ J¯τ(¯) = 0 which implies divM¯ (J¯τ(¯)) = 0. Indeed, for any X¯ and Y¯ tangent to
M¯ we have
〈∇M¯X¯ J¯τ(¯), Y¯ 〉 = 〈∇¯X¯ J¯τ(¯), Y¯ 〉 = 〈J¯∇
¯
X¯
τ(¯), Y¯ 〉 = 〈−J¯ A¯τ(¯)(X¯), Y¯ 〉
= 0.
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
We end this section with
Proposition 3.7. Let M¯ be a real submanifold of CPn such that J¯τ(¯) is normal
to M¯ and denote by M = π−1(M¯ ) the Hopf-tube over M¯ . Then ¯ is biharmonic if
and only if  is biharmonic.
4. Biharmonic submanifolds of Clifford type
For a fixed n > 1, consider the spheres S2p+1(a) ⊂ R2p+2 = Cp+1 and S2q+1(b) ⊂
R
2q+2 = Cq+1, with a2 + b2 = 1 and p + q = n − 1. Denote by T p,qa,b = S2p+1(a) ×
S
2q+1(b) ⊂ S2n+1 the Clifford torus. Let now M1 be a minimal submanifold of
S
2p+1(a) of dimension m1 and M2 a minimal submanifold of S
2q+1(b) of dimension
m2. The submanifold M1 ×M2 is clearly minimal in T p,qa,b and, according to [6], is
proper biharmonic in S2n+1 if and only if a = b =
√
2/2 and m1 6= m2. If M1 ×M2
is invariant under the action of the one-parameter group of isometries generated by
the Hopf vector field ξ on S2n+1, then it projects onto a submanifold of CPn and we
could ask for which values of a, b,m1,m2 is it a proper-biharmonic submanifold.
We start with the following
Lemma 4.1. Let denote by 1 : M
m1
1 ×Mm22 → T p,qa,b the inclusion of M1 ×M2 in
the Clifford torus and by  : T p,qa,b → S2n+1 the inclusion of the Clifford torus in the
sphere. Then
(4.1)


τ( ◦ 1) = (a
b
m2 − b
a
m1)η = cη
τ2( ◦ 1) = c(m1 +m2 − b
2
a2
m1 − a
2
b2
m2)η
,
where η is the unit normal section in the normal bundle of T p,qa,b in S
2n+1 given by
η(x, y) = ( bax,−aby), x ∈ S2p+1(a), y ∈ S2q+1(b).
Proof. Let p = (x, y) ∈ T p,qa,b , x ∈ R2p+2, y ∈ R2q+2, |x| = a, |y| = b. Then
η(x, y) = ( bax,−aby) defines a unit normal section in the normal bundle of T p,qa,b in
S
2n+1. We identify X = (X, 0) ∈ TpT p,qa,b , Y = (0, Y ) ∈ TpT p,qa,b , and a straightforward
computation gives
∇Xη = −A(X) =
b
a
X, ∇Y η = −A(Y ) = −
a
b
Y.
Let {Xk = (Xk, 0)} be a local orthonormal frame field tangent to S2p+1(a) and
{Yl = (0, Yl)} a local orthonormal frame field tangent to S2q+1(b). Then, applying
the composition law for the tension field and using that 1 is harmonic, we have
τ( ◦ 1) = d(τ(1)) + trace∇d(d1, d1)
=
m1∑
k=1
〈A(Xk),Xk〉η +
m2∑
l=1
〈A(Yl), Yl〉η = (a
b
m2 − b
a
m1)η = c η.
To compute τ2( ◦ 1), let us choose around p = (x, y) ∈ M1 ×M2 a frame field
{(Xk, Yl)} such that {Xk}m1k=1 is a geodesic frame field around x and {Yl}m2l=1 is a
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geodesic frame field around y. Then at p
−∆◦1η =
m1∑
k=1
∇◦1Xk ∇
◦1
Xk
η +
m2∑
l=1
∇◦1Yl ∇
◦1
Yl
η
=
b
a
m1∑
k=1
∇◦1Xk Xk −
a
b
m2∑
l=1
∇◦1Yl Yl
=
b
a
m1∑
k=1
(B(Xk,Xk) +∇
T p,q
a,b
Xk
Xk)− a
b
m2∑
l=1
(B(Yl, Yl) +∇
T p,q
a,b
Yl
Yl)(4.2)
=
b
a
m1∑
k=1
B(Xk,Xk)− a
b
m2∑
l=1
B(Yl, Yl)
=
b2
a2
m1 − a
2
b2
m2.
Finally, using the standard formula for the curvature of S2n+1, we get
− traceRS2n+1(d( ◦ 1), τ( ◦ 1))d( ◦ 1) = (m1 +m2)τ( ◦ 1) = (m1 +m2)cη,
that summed up with (4.2) gives the lemma. 
Theorem 4.2. Let π : S2n+1 → CPn be the Hopf map. Let M = Mm11 ×Mm22 be
the product of two minimal submanifolds of S2p+1(a) and S2q+1(b), respectively. As-
sume that M is invariant under the action of the one-parameter group of isometries
generated by the Hopf vector field ξ on S2n+1. Then π(M) is a proper-biharmonic
submanifold of CPn if and only if M is (−4)-biharmonic, that is
(4.3)


a2 + b2 = 1
a
b
m2 − b
a
m1 6= 0
b2
a2
m1 +
a2
b2
m2 = 4 +m1 +m2
,
where m1 and m2 are the dimensions of M1 and M2, respectively.
Proof. The Hopf vector field ξ is a Killing vector field on S2n+1 that, at a point
p = (x, y), is given by
ξ = −(−x2, x1, . . . ,−x2p+2, x2p+1,−y2, y1, . . . ,−y2q+2, y2q+1) = (ξ1, ξ2).
SinceM1×M2 is invariant under the action of the one-parameter group of isometries
generated by ξ, it remains Killing when restricted to M1 ×M2. As
Jˆη = (− b
a
ξ1,
a
b
ξ2),
it follows that Jˆη is a Killing vector field on M1 ×M2.
Since div(Jˆτ( ◦ 1)) = div(cJˆη) = 0, using Remark 3.4 (iii), it results that
π(M1 ×M2) is a biharmonic submanifold of CPn if and only if
τ2( ◦ 1) + 4τ( ◦ 1) = 0.
Finally, using Lemma 4.1, we get
τ2( ◦ 1) + 4τ( ◦ 1) = c(4 +m1 +m2 − b
2
a2
m1 − a
2
b2
m2)η.

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Remark 4.3. If M1 = S
2p+1(a) and M2 = S
2q+1(b), we recover the result in [14]
concerning the proper-biharmonic homogeneous real hypersurfaces of type A in CPn.
Example 4.4. Let e1 and e3 be two constant unit vectors in E
2n+2, with e3 orthog-
onal to e1 and Jˆe1. We consider the circles S
1(a) and S1(b) lying in the 2-planes
spanned by {e1, Jˆe1} and {e3, Jˆe3}, respectively. Then M = S1(a)× S1(b) is invari-
ant under the flow-action of ξ, and π(M) is a proper-biharmonic curve of CPn if
and only if a =
√
2±
√
2
2 .
Example 4.5. For p = 0 and q = n− 1, we get that π(S1(a)× S2n−1(b)) is proper-
biharmonic in CPn if and only if a2 = n+3±
√
n2+2n+5
4(n+1) . In particular, π(S
1(a)×S3(b))
is a proper-biharmonic real hypersurface in CP 2 if and only if a2 = 5±
√
13
12 .
Example 4.6. If p = q then M = T p,pa,b is never a proper-biharmonic hypersurface
of S2n+1, and it is easy to check that π(M) is a proper-biharmonic hypersurface of
CPn if and only if a2 =
2p+2−
√
2(p+1)
4(p+1) .
Example 4.7. Let M = S2p+1(a)× Sp
(
b√
2
)
× Sp
(
b√
2
)
, p odd. Then M is minimal
in T p,pa,b , and is proper-biharmonic in S
2n+1 if and only if a = b = 1√
2
. By a straight-
forward computation we can check that π(M) is proper-biharmonic in CPn if and
only if a2 = 8p+7±
√
32p+25
16p+12 .
4.1. Sphere bundle of all vectors tangent to S2p+1(a). We have seen that if M
is a product submanifold in T p,qa,b then its projection π(M) can be proper-biharmonic
in CPn. But when M is not a product, the situation can be more complicated as it
is illustrated by the following example.
We consider the sphere of radius a
S
2p+1(a) = {x ∈ R2p+2 : (x1)2 + · · · + (x2p+2)2 = a2}
and its sphere bundle of all vectors tangent to S2p+1(a) and of norm b, that is
M = T bS2p+1(a) = {(x, y) ∈ R4p+4 : x, y ∈ R2n+2, |x| = a, |y| = b, 〈x, y〉 = 0}.
It is easy to check that M is invariant under the flow-action of the characteristic
vector field ξ, which means e−itp ∈M , ∀p ∈M and ∀t ∈ R. Let (x0, y0) ∈M . Then
T(x0,y0)M = {Z0 = (X0, Y0) ∈ R4p+4 : 〈x0,X0〉 = 0, 〈y0, Y0〉 = 0,
〈X0, y0〉+ 〈x0, Y0〉 = 0}.
In order to find a basis in T(x0,y0)M , we consider {y0, y1, . . . , y2p+1} an orthogonal
basis in Tx0S
2p+1(a), each vector being of norm b. We think M as a hypersurface
of the tangent bundle TS2p+1(a), and we consider on TS2p+1(a) and M the induced
metrics from the canonical metric on R4p+1
M →֒ TS2p+1(a) →֒ R4p+4.
The above inclusions are the canonical ones.
The vertical lifts of the tangent vectors y2, y3, . . . , y2p+1, in (x0, y0), are
yV2 = (0, y2), y
V
3 = (0, y3), . . . , y
V
2p+1 = (0, y2p+1),
and the horizontal lifts of y0, y2, y3, . . . , y2p+1, in (x0, y0), are
yH0 = (y0,−
b2
a2
x0), y
H
2 = (y2, 0), y
H
3 = (y3, 0), . . . , y
H
2p+1 = (y2p+1, 0).
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The vectors {yH0 , yH2 , . . . , yH2p+1, yV2 , yV3 , . . . , yV2p+1} form an orthogonal basis in
T(x0,y0)M and
|yV2 | = |yV3 | = · · · = |yV2p+1| = b, |yH2 | = |yH3 | = · · · = |yH2p+1| = b, |yH0 | =
b
a
.
The vector C(x0, y0) = y
V
0 = (0, y0) is tangent to TS
2p+1(a) in (x0, y0) and
orthogonal to M .
From now on we shall consider a2 + b2 = 1 and the inclusions
M →֒ S2p+1(a)× S2p+1(b) →֒ S4p+3 →֒ R4p+4.
We define η1(x0, y0) = (y0, x0) and η2(x0, y0) = (x0,−a2b2 y0). We have that η1 and
η2 are normal to M , and
η1(x0, y0) ∈ T(x0,y0)(S2p+1(a)× S2p+1(b)), |η1(x0, y0)| = 1
η2(x0, y0) ∈ T(x0,y0)S4p+3, η2(x0, y0) ⊥ T(x0,y0)(S2p+1(a)×S2p+1(b)), |η2(x0, y0)| =
a
b
.
We denote by B(x0,y0) the second fundamental form of M in S
4p+3, in the point
(x0, y0). By a straightforward computation we obtain
(4.4) B(x0,y0)(Z0, Z0) = −2〈X0, Y0〉η1 −
b2
a2
(|X0|2 − a
2
b2
|Y0|2)η2,
where Z0 = (X0, Y0) ∈ T(x0,y0)M . From (4.4) we get
H(x0, y0) =
2p
4p + 1
a2 − b2
a2
η2 = cη2.
Therefore M is minimal in S4p+3 if and only if a = b = 1√
2
.
It is not difficult to check that
(4.5)

∇S4p+3
yH0
η2 = η1, ∇S4p+3yH2 η2 = y
H
2 , ∇S
4p+3
yH3
η2 = y
H
3 , . . . , ∇S
4p+3
yH2p+1
η2 = y
H
2p+1
∇S4p+3
yV2
η2 = −a2b2 yV2 , ∇S
4p+3
yV3
η2 = −a2b2 yV3 , . . . , ∇S
4p+3
yV2p+1
η2 = −a2b2 yV2p+1
∇S4p+3
yH0
η1 = − b2a2 η2, ∇S
4p+3
yH2
η1 = y
V
2 , ∇S
4p+3
yH3
η1 = y
V
3 , . . . , ∇S
4p+3
yH2p+1
η1 = y
V
2p+1
∇S4p+3
yV2
η1 = y
H
2 , ∇S
4p+3
yV3
η1 = y
H
3 , . . . , ∇S
4p+3
yV2p+1
η1 = y
H
2p+1
.
From (4.5) we obtain that
(4.6) traceA∇⊥
(·)
η2
(·) = 0 and traceB(·, Aη2(·)) = 2p(
a2
b2
+
b2
a2
)η2.
Denoting W (x0, y0) = y
H
0 , we get
(4.7) −∆⊥η2 = a
2
b2
(∇⊥W∇⊥Wη2 −∇⊥∇M
W
W
η2) = −η2.
Before concluding we give the following Lemma which follows by direct computation.
Lemma 4.8. Let Nn be a hypersurface of a Riemmanian manifold (Pn+1, 〈, 〉), and
X ∈ C(TP ) a Killing vector field. We denote X⊤ = (X/N )⊤ ∈ C(TN). Then
divX⊤ = n〈H,X〉, where H is the mean curvature vector field of N . In particular,
if N is minimal then divX⊤ = 0.
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Now we can state
Proposition 4.9. Let M = T bS2p+1(a) be the sphere bundle of all vectors of norm
b tangent to S2p+1(a). Assume that a2 + b2 = 1 and p ≥ 1. Then we have
(a) M is never proper-biharmonic in S4p+3.
(b) M is (−4)-biharmonic in S4p+3 if and only if a2 = 2p+1±
√
2p+1
4p+2 .
(c) M is minimal in T p,pa,b = S
2p+1(a)× S2p+1(b).
(d) π(M) is never proper-biharmonic in CPn.
Proof. As the mean curvature vector field of M in S4p+3 is H = cη2, where c =
2p
4p+1
a2−b2
a2 , then M is biharmonic if and only if
(4.8)
{
−∆⊥η2 − traceB(·, Aη2(·)) + (4p + 1)η2 = 0
2 traceA∇⊥
(·)
η2
(·) + 4p+12 grad(c|η2|2) = 0
.
From (4.6) and (4.7) we get that M is biharmonic if and only if
−η2 − 2p(a
2
b2
+
b2
a2
)η2 + (4p + 1)η2 = 0,
which is equivalent to a = b, that is M is minimal in S4p+3.
(b) We obtain that M is (−4)-biharmonic if and only if
−η2 − 2p(a
2
b2
+
b2
a2
)η2 + (4p + 1)η2 + 4η2 = 0,
which holds if and only if a2 = 2p+1±
√
2p+1
4p+2 .
(c) We denote by A˙ the shape operator of M in S2p+1(a) × S2p+1(b), A˙ = A˙η1 .
We can check that
(4.9)
{
A˙(yH0 ) = 0, A˙(y
H
2 ) = −yV2 , A˙(yH3 ) = −yV3 , . . . , A˙(yH2p+1) = −yV2p+1
A˙(yV2 ) = −yH2 , A˙(yV3 ) = −yH3 , . . . , A˙(yV2p+1) = −yH2p+1
and therefore trace A˙ = 0, which means that M is minimal in S2p+1(a)× S2p+1(b).
(d) We first define
ξ3(x, y) = (Jˆx,−a
2
b2
Jˆy) = (−ξ1, a
2
b2
ξ2), ∀(x, y) ∈ S2p+1(a)× S2p+1(b).
The vector field ξ3 is a Killing vector field on S
2p+1(a)× S2p+1(b). We observe that
ξ3/M = Jˆη2. Since M is minimal in S
2p+1(a) × S2p+1(b), from Lemma 4.8, we get
div(Jˆη2)
⊤ = 0. Therefore π(M) is biharmonic in CPn if and only if
τ2()− 4Jˆ(Jˆτ())⊤ = 0,
which is not satisfied. 
4.2. Circles products. We shall recover a result of Zhang (see [27]).
We denote by T the (n+ 1)-dimensional Clifford torus
 : T = S1(a1)× · · · × S1(an+1)→ S2n+1,
where a21 + · · · + a2n+1 = 1. The projection T¯ = π(T ) is a Lagrangian submanifold
in CPn of parallel mean curvature vector field.
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Theorem 4.10 ([27]). The Lagrangian submanifold T¯ = π(T ) of CPn is proper-
biharmonic if and only if T is (−4)-biharmonic, that is
(4.10)
{
a2k0 6= 1n+1 for some k0 ∈ {1, 2, . . . , n + 1}
d ak − 1a3
k
= 2ak (n+ 3)((n + 1)a
2
k − 1), k ∈ {1, 2, . . . , n+ 1}
,
where d =
∑n+1
j=1
1
a2j
.
Proof. We denote a point x ∈ T by
x = (x1, . . . , xn+1) = (x
1
1, x
2
1, . . . , x
1
n+1, x
2
n+1),
where we identify
xk = (x
1
k, x
2
k) = (0, 0, . . . , 0, 0, x
1
k , x
2
k, 0, 0, . . . , 0, 0), k = 1, . . . , n+ 1.
We define ηk(x) =
1
ak
xk and Xk = Jˆηk, k = 1, . . . , n+ 1, where
Jˆ(x11, x
2
1, . . . , x
1
n+1, x
2
n+1) = (−x21, x11, . . . ,−x2n+1, x1n+1).
The vector fields {Xk} form an orthonormal frame field of C(TT ). It is easy to
check that, at a point x,
B(Xk,Xk) = − 1
ak
ηk + x
and for k 6= j:
B(Xk,Xj) = 0.
Therefore τ() =
∑
k((n + 1)ak − 1ak )ηk, which implies that (Jˆτ())⊤ = Jˆτ() and
div(Jˆτ()) = 0.
Since ∇⊥τ() = 0 and Aτ()(Xk) = −((n+1)− 1a2
k
)Xk, by a straightforward compu-
tation we get τ2() + 4τ() = 0 if and only if the desired relation is satisfied. 
Remark 4.11. Following [27], for n = 2, we obtain that T¯ is a proper-biharmonic
Lagrangian surface in CP 2 if and only if a21 =
9±
√
41
20 and a
2
2 = a
2
3 =
11∓
√
41
40 (see
also [26]).
5. Biharmonic curves in CPn
Let γ¯ : I ⊂ R → CPn be a curve parametrized by arc-length. The curve γ is
called a Frenet curve of osculating order d, 1 ≤ d ≤ 2n, if there exist d orthonormal
vector fields {E¯1 = γ¯′, . . . , E¯d} along γ¯ such that
(5.1)


∇¯E¯1E¯1 = k¯1E¯2
∇¯E¯1E¯i = −k¯i−1E¯i−1 + k¯iE¯i+1, ∀i = 2, . . . , d− 1
∇¯E¯1E¯d = −k¯d−1E¯d−1
,
where {k¯1, k¯2, k¯3, . . . , k¯d−1} are positive functions on I called the curvatures of γ¯ and
∇¯ denotes the Levi-Civita connection on CPn.
A Frenet curve of osculating order d is called a helix of order d if k¯i = constant > 0
for 1 ≤ i ≤ d−1. A helix of order 2 is called a circle, and a helix of order 3 is simply
called helix.
Following S. Maeda and Y. Ohnita [20], we define the complex torsions of the
curve γ¯ by τ¯ij = 〈E¯i, J¯E¯j〉, 1 ≤ i < j ≤ d. A helix of order d is called a holomorphic
helix of order d if all the complex torsions are constant.
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Using the Frenet equations, the bitension field of γ¯ becomes
τ2(γ¯) = −3k¯1k¯′1E¯1 + (k¯′′1 − k¯31 − k¯1k¯22 + k¯1)E¯2(5.2)
+(2k¯′1k¯2 + k¯1k¯
′
2)E¯3 + k¯1k¯2k¯3E¯4 − 3k¯1τ¯12J¯ E¯1.
In order to solve the biharmonic equation τ2(γ¯) = 0, because of the last term in
(5.2), we must split our study in three cases.
5.1. Biharmonic curves with τ¯12 = ±1. In this case J¯E¯2 = ±E1 and, using the
Frenet equations of γ¯, we obtain
J¯(∇¯E¯1E¯1) = ±k¯1E¯1 = ∇¯E¯1(∓E¯2) = ∓∇¯E¯1E¯2,
so
∇¯E¯1E¯2 = −k¯1E¯1.
Consequently, k¯i = 0, i ≥ 2, and, from (5.2), it follows
Proposition 5.1. A Frenet curve γ¯ : I ⊂ R → CPn parametrized by arc-length
with τ¯12 = ±1 is proper-biharmonic if and only if it is a circle with k¯1 = 2.
Next, let us consider a curve γ¯ : I ⊂ R → CPn parametrized by arc-length with
τ¯12 = ±1, and denote by γ : I ⊂ R → S2n+1 one of its horizontal lifts. We shall
characterize the biharmonicity of γ¯ in terms of γ.
We denote by ∇˙ the Levi-Civita connection on S2n+1. We have γ′ = E1 = (E¯1)H
and
∇˙E1E1 = (∇¯E¯1E¯1)H = k¯1E¯H2 = k1E2,
i.e. k1 = k¯1 and E2 = E¯
H
2 = ∓(J¯E¯1)H = ∓JˆE1. It follows
∇˙E1E2 = (∇¯E¯1E¯2)H + 〈∇˙E1E2, ξ〉ξ
= −k1E1 − 〈E2, ∇˙E1ξ〉ξ
= −k1E1 ∓ 〈E2, E2〉ξ
= −k1E1 ∓ ξ
and this means k2 = 1 and E3 = ∓ξ. Then ∇˙E1E3 = ∓∇˙E1ξ = −E2.
In conclusion γ is a helix with k1 = k¯1 and k2 = 1.
Now, we have Jˆτ(γ) = k1JˆE2 = ±k1E1, which is tangent to γ, and then
Jˆ{(Jˆτ(γ))⊤} = Jˆ2τ(γ) = −τ(γ).
From
div{(J¯τ(γ¯))⊤} = div{k¯1〈J¯E¯2, E¯1〉E¯1}
= 〈∇¯E¯1(k¯1〈J¯E¯2, E¯1〉)E¯1, E¯1〉
= k¯′1〈J¯ E¯2, E¯1〉+ k¯1〈J¯∇¯E¯1E¯2, E¯1〉
= ±k¯′1 = 0,
applying Remark 3.4 (iii), we have
Proposition 5.2. A Frenet curve γ¯ : I ⊂ R→ CPn parametrized by arc-length with
τ¯12 = ±1 is proper-biharmonic if and only if its horizontal lift γ : I ⊂ R→ S2n+1 is
(−4)-biharmonic, i.e. γ is a helix with k1 = 2 and k2 = 1.
Moreover, we can obtain the explicit parametric equations of the horizontal lifts
of a proper-biharmonic Frenet curve γ¯ : I → CPn.
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Proposition 5.3. Let γ¯ : I ⊂ R → CPn be a proper-biharmonic Frenet curve
parametrized by arc-length with τ¯12 = ±1. Then its horizontal lift γ : I ⊂ R→ S2n+1
can be parametrized in the Euclidean space R2n+2 by
γ(s) =
√
2−√2
2
cos((
√
2 + 1)s)e1 −
√
2−√2
2
sin((
√
2 + 1)s)Jˆe1
+
√
2 +
√
2
2
cos((
√
2− 1)s)e3 +
√
2 +
√
2
2
sin((
√
2− 1)s)Jˆe3,
where e1 and e3 are constant unit vectors in R
2n+2 with e3 orthogonal to e1 and Jˆe1.
Proof. The curve γ is a helix with the Frenet frame field {E1 = E¯H1 , E2 = E¯H2 , E3 =
∓ξ} and with curvatures k1 = k¯1 = 2 and k2 = 1.
From the Weingarten equation of S2n+1 in R2n+2 and Frenet equations we get
∇ˆE1E1 = ∇˙E1E1 − 〈E1, E1〉γ = k1E2 − γ,
∇ˆE1∇ˆE1E1 = k1∇ˆE1E2 − E1 = k1(−k1E1 ∓ ξ)− E1 = −(k21 + 1)E1 ∓ k1ξ
and
∇ˆE1∇ˆE1∇ˆE1E1 = −(k21 + 1)∇ˆE1E1 ∓ k1∇ˆE1ξ
= −(k21 + 1)∇ˆE1E1 − k1E2
= −6γ′′ − γ.
Hence γ is a solution of the differential equation
γiv + 6γ′′ + γ = 0,
whose general solution is
γ(s) = cos(As)c1 + sin(As)c2 + cos(Bs)c3 + sin(Bs)c4,
where A,B =
√
2± 1 and {ci} are constant vectors in E2n+2.
As γ satisfies
〈γ, γ〉 = 1, 〈γ′, γ′〉 = 1, 〈γ, γ′〉 = 0, 〈γ′, γ′′〉 = 0, 〈γ′′, γ′′〉 = 1 + κ21 = 5,
〈γ, γ′′〉 = −1, 〈γ′, γ′′′〉 = −(1 + κ21) = −5, 〈γ′′, γ′′′〉 = 0,
〈γ, γ′′′〉 = 0, 〈γ′′′, γ′′′〉 = 7κ21 + 1 = 29,
and since, in s = 0, we have γ = c1 + c3, γ
′ = Ac2 + Bc4, γ′′ = −A2c1 − B2c3,
γ′′′ = −A3c2 −B3c4, we obtain
(5.3) c11 + 2c13 + c33 = 1
(5.4) A2c22 + 2ABc24 +B
2c44 = 1
(5.5) Ac12 +Ac23 +Bc14 +Bc34 = 0
(5.6) A3c12 +AB
2c23 +A
2Bc14 +B
3c34 = 0
(5.7) A4c11 + 2A
2B2c13 +B
4c33 = 5
(5.8) A2c11 + (A
2 +B2)c13 +B
2c33 = 1
(5.9) A4c22 + (AB
3 +A3B)c24 +B
4c44 = 5
(5.10) A5c12 +A
3B2c23 +A
2B3c14 +B
5c34 = 0
(5.11) A3c12 +A
3c23 +B
3c14 +B
3c34 = 0
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(5.12) A6c22 + 2A
3B3c24 +B
6c44 = 29
where cij = 〈ci, cj〉. From (5.5), (5.6), (5.10) and (5.11) it follows that
c12 = c23 = c14 = c34 = 0.
The equations (5.3), (5.7) and (5.8) give
c11 =
1−B2
A2 −B2 , c13 = 0, c33 =
A2 − 1
A2 −B2
and, from (5.4), (5.9) and (5.12) it follows that
c22 =
1−B2
A2 −B2 , c24 = 0, c44 =
A2 − 1
A2 −B2 .
Therefore, we obtain that {ci} are orthogonal vectors in E2n+2 with |c1| = |c2| =√
1−B2
A2−B2 , |c3| = |c4| =
√
A2−1
A2−B2 .
By using that E1 = γ
′ ⊥ ξ and then that JˆE2 = ±E1, we conclude. 
Remark 5.4. Under the flow-action of ξ, the (−4)-biharmonic curves γ induce the
(−4)-biharmonic surfaces obtained in Example 4.4.
5.2. Biharmonic curves with τ¯12 = 0. From the expression (5.2) of the bitension
field of γ¯ we obtain that γ¯ is proper-biharmonic if and only if
(5.13)


k¯1 = constant > 0, k¯2 = constant
k¯21 + k¯
2
2 = 1
k¯2k¯3 = 0
.
Proposition 5.5. A Frenet curve γ¯ : I ⊂ R → CPn parametrized by arc-length
with τ¯12 = 0 is proper-biharmonic if and only if either
(a) n = 2 and γ¯ is a circle with k¯1 = 1,
or
(b) n ≥ 3 and γ¯ is a circle with k¯1 = 1 or a helix with k¯21 + k¯22 = 1.
Proof. We only have to prove the statements concerning the dimension n.
First, since {E¯1, E¯2, J¯E¯2} are linearly independent, it follows that n > 1.
Now, assume that γ¯ is a Frenet curve of osculating order 3 such that J¯E¯2 ⊥ E¯1.
We have
(5.14)


E¯1 = γ¯
′
∇¯E¯1E¯1 = k¯1E¯2
∇¯E¯1E¯2 = −k¯1E¯1 + k¯2E¯3
∇¯E¯1E¯3 = −k¯2E¯2
.
It is easy to see that, at an arbitrary point, the system
S1 = {E¯1, E¯2, E¯3, J¯ E¯1, J¯ E¯2}
consists of non-zero vectors which are orthogonal to each other, and therefore n ≥
3. 
Next, we shall consider the horizontal lift γ : I ⊂ R → S2n+1 of a curve γ¯ : I ⊂
R → CPn parametrized by arc-length with τ¯12 = 0. As in the previous case we
have γ′ = E1 = E¯H1 , E2 = E¯
H
2 and then JˆE2 ⊥ E1. This means Jˆ(τ(γ)) ⊥ E1, so
(Jˆ(τ(γ)))⊤ = 0. From Theorem 3.3 we obtain
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Proposition 5.6. A Frenet curve γ¯ : I ⊂ R → CPn parametrized by arc-length
with τ¯12 = 0 is proper-biharmonic if and only if its horizontal lift γ : I ⊂ R→ S2n+1
is proper-biharmonic.
The parametric equations of the proper-biharmonic Frenet curves in S2n+1 with
JˆE2 ⊥ E1 were obtained in [13]. Using that result we can state
Proposition 5.7. Let γ¯ : I ⊂ R → CPn be a proper-biharmonic Frenet curve
parametrized by arc-length with τ¯12 = 0. Then the horizontal lift γ : I ⊂ R→ S2n+1
can be parametrized, in the Euclidean space R2n+2, either by
γ(s) =
1√
2
cos(
√
2s)e1 +
1√
2
sin(
√
2s)e2 +
1√
2
e3,
where {ei, Jˆej}3i,j=1 are constant unit vectors orthogonal to each other, or by
γ(s) = 1√
2
cos(
√
1 + κ1s)e1 +
1√
2
sin(
√
1 + κ1s)e2
+ 1√
2
cos(
√
1− κ1s)e3 + 1√2 sin(
√
1− κ1s)e4,
where κ1 ∈ (0, 1), and {ei, Jˆej}4i,j=1 are constant unit vectors orthogonal to each
other.
5.3. Biharmonic curves with τ¯12 different from 0, 1 or −1. Assume that γ¯
is a proper-biharmonic Frenet curve of osculating order d such that τ¯12 is different
from 0, 1 or −1.
First, we shall prove that d ≥ 4.
Assume that d = 2. From the biharmonic equation τ2(γ¯) = 0 we have k¯1 =
constant > 0 and then (−k¯31 + k¯1)E¯2 − 3k¯1τ¯12J¯ E¯1 = 0. It follows that E¯2 is parallel
to J¯ E¯1, i.e. τ¯
2
12 = 1.
Now, if d = 3, from the biharmonic equation of γ¯, we obtain again k¯1 = constant > 0
and then
(5.15) (−k¯21 − k¯22 + 1)E¯2 + k¯′2E¯3 − 3τ¯12J¯E¯1 = 0.
Next, differentiating −τ¯12(s) = 〈E¯2, J¯E¯1〉, we obtain
−τ¯ ′12(s) = 〈∇¯E¯1E¯2, J¯ E¯1〉+ 〈E¯2, ∇¯E¯1 J¯E¯1〉 = 〈∇¯E¯1E¯2, J¯ E¯1) + 〈E¯2, k¯1J¯E¯2)
= 〈∇¯E¯1E¯2, J¯ E¯1〉 = 〈−k¯1E¯1 + k¯2E¯3, J¯E¯1〉
= k¯2〈E¯3, J¯ E¯1〉.
Hence, taking the inner product with k¯2E¯3 in (5.15), we get k¯
′
2k¯2 + 3τ¯12τ¯
′
12 = 0
and so k¯22 = −3τ¯212 + ω0, where ω0 = constant. Using (5.15) it results that k¯21 =
1 − ω0 + 6τ¯212. Therefore f = constant and k¯2 = constant. Finally, (5.15) becomes
(−k¯21 − k¯22 + 1)E¯2 − 3τ¯12J¯E¯1 = 0, which means that E¯2 is parallel to J¯ E¯1.
We have proved the following
Proposition 5.8. Let γ¯ be a proper-biharmonic Frenet curve in CPn of osculating
order d, 1 ≤ d ≤ 2n, with τ¯12 different from 0, 1 or −1. Then d ≥ 4.
Next we shall prove that for a proper-biharmonic Frenet curve in CPn, τ¯12 and
k¯1 are constants whatever the osculating order of γ¯ is.
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We have seen that−τ¯ ′12(s) = k¯2〈E¯3, J¯E¯1〉. If τ2(γ¯) = 0 we have J¯E¯1 = 〈J¯ E¯1, E¯2〉E¯2+
〈J¯ E¯1, E¯3〉E¯3 + 〈J¯ E¯1, E¯4〉E¯4 and
(5.16)


k¯1 = constant > 0
k¯21 + k¯
2
2 = 1 + 3τ¯
2
12
k¯2k¯
′
2 = −3τ¯12τ¯ ′12
k¯2k¯3 = 3τ¯12〈J¯E¯1, E¯4〉
.
From the third equation of (5.16), we get
k¯22 = −3τ¯212 + ω0,
where ω0 = constant. Replacing in the second equation of (5.16) it follows that
k¯21 = 1 + 6τ¯12 − ω0,
which implies τ¯12 = constant, and therefore, k¯2 = constant > 0. From −τ¯ ′12(s) =
k¯2〈E¯3, J¯ E¯1〉, we have 〈J¯E¯1, E¯3〉 = 0 and then J¯E¯1 = fE¯2 + 〈J¯ E¯1, E¯4〉E¯4. It follows
that there exists an unique constant α0 ∈ (0, 2π)\{π2 , π, 3π2 } such that −τ¯12 = cosα0
and 〈J¯ E¯1, E¯4〉 = sinα0 = k¯2k¯33τ¯12 .
We can summarise in
Proposition 5.9. A Frenet curve γ¯ : I ⊂ R → CPn, n ≥ 2, parametrized by
arc-length with τ¯12 different from 0, 1 or −1 is proper-biharmonic if and only if
J¯E¯1 = cosα0E¯2 + sinα0E¯4 and
(5.17)


k¯1, k¯2, k¯3 = constant > 0
k¯21 + k¯
2
2 = 1 + 3 cos
2 α0
k¯2k¯3 = −32 sin(2α0)
τ¯12 = − cosα0
,
where α0 ∈ (π2 , π) ∪ (3π2 , 2π) is a constant.
We end this section classifying the proper-biharmonic curves in CPn of osculating
order d ≤ 4. First,
Proposition 5.10. Let γ¯ be a proper-biharmonic Frenet curve in CPn of osculating
order d < 4. Then γ¯ is one of the following: a holomorphic circle of curvature k¯1 = 2,
a holomorphic circle of curvature k¯1 = 1, or a holomorphic helix with k¯
2
1 + k¯
2
2 = 1.
Proof. Let γ¯ be a proper-biharmonic Frenet curve of osculating order d < 4. Then,
from Proposition 5.8, τ¯12 = ±1 or τ¯12 = 0. If τ¯12 = ±1, from Proposition 5.1, γ¯ is a
circle of curvature k¯1 = 2. If τ¯12 = 0 then we know that γ¯ is either a holomorphic
circle of curvature k¯1 = 1 or a helix. We now prove that it is a holomorphic helix.
For this we need to prove that the complex torsions τ¯13, τ¯23 are constant.
τ¯13 = 〈E¯1, J¯E¯3〉 = − 1
k¯2
〈∇¯E¯1E¯2, J¯ E¯1〉 =
1
k¯2
〈E¯2, ∇¯E¯1 J¯E¯1〉
=
k¯1
k¯2
〈E¯2, J¯E¯2〉 = 0.
Now, using that for a Frenet curve of osculating order 3 we have k¯1τ¯23 = τ¯
′
13+ k¯2τ¯12,
we see that also τ¯23 is constant. 
When the biharmonic curve is of osculating order 4, system (5.17) has four solu-
tions.
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Proposition 5.11. Let γ¯ be a proper-biharmonic Frenet curve in CPn of osculating
order d = 4. Then γ¯ is a holomorphic helix. Moreover, depending on the value of
τ¯12 = − cosα0, we have
(a) If τ¯12 > 0, then the curvatures of γ¯ are given by
(5.18)


k¯2 =
sinα0√
2
√
1− 3 cos2 α0 ±
√
9 cos4 α0 − 42 cos2 α0 + 1
k¯3 = − 32k¯2 sin(2α0)
k¯1 = − 1sinα0 (k¯2 cosα0 − k¯3 sinα0)
and
τ¯34 = −τ¯12 = cosα0, τ¯14 = −τ¯23 = − sinα0 and τ¯13 = τ¯24 = 0,
where α0 ∈ (π2 , arccos(−2−
√
3√
2
)).
(b) If τ¯12 < 0, then the curvatures of γ¯ are given by
(5.19)


k¯2 = − sinα0√2
√
1− 3 cos2 α0 ±
√
9 cos4 α0 − 42 cos2 α0 + 1
k¯3 = − 32k¯2 sin(2α0)
k¯1 = − 1sinα0 (k¯2 cosα0 − k¯3 sinα0)
and
τ¯34 = −τ¯12 = cosα0, τ¯14 = −τ¯23 = − sinα0 and τ¯13 = τ¯24 = 0,
where α0 ∈ (3π2 , π + arccos(−2−
√
3√
2
)).
Proof. Let γ¯ be a proper-biharmonic Frenet curve in CPn of osculating order d = 4.
Then τ¯12 = − cosα0 is different from 0, 1 or −1, and J¯ E¯1 = cosα0E¯2 + sinα0E¯4.
Then it results that
τ¯12 = − cosα0, τ¯13 = 0, τ¯14 = − sinα0, and τ¯24 = 0.
In order to prove that τ¯23 is constant we differentiate the expression of J¯ E¯1 and
using the Frenet equations we obtain
∇¯E¯1 J¯E¯1 = cosα0∇¯E¯1E¯2 + sinα0∇¯E¯1E¯4
= −k¯1 cosα0E¯1 + (k¯2 cosα0 − k¯3 sinα0)E¯3.
On the other hand, ∇¯E¯1 J¯E¯1 = k¯1J¯ E¯2 and therefore we have
(5.20) k¯1J¯E¯2 = −k¯1 cosα0E¯1 + (k¯2 cosα0 − k¯3 sinα0)E¯3.
We take the inner product of (5.20) with E¯3, J¯E¯2 and J¯E¯4, respectively, and we get
(5.21) k¯1τ¯23 = −(k¯2 cosα0 − k¯3 sinα0),
(5.22) k¯1 sin
2 α0 = −(k¯2 cosα0 − k¯3 sinα0)τ¯23,
(5.23) 0 = k¯1 cosα0 sinα0 + (k¯2 cosα0 − k¯3 sinα0)τ¯34.
From (5.21) and (5.22) we obtain
(5.24) k¯21 sin
2 α0 = (k¯2 cosα0 − k¯3 sinα0)2
and τ223 = sin
2 α0. From τ
2
23 = sin
2 α0, (5.21) and α0 ∈ (π2 , π)∪ (3π2 , 2π), one obtains
τ¯23 = sinα0.
From τ¯23 = sinα0, (5.21) and (5.23) we get
τ¯34 = cosα0.
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Finally, from Proposition 5.9 and (5.24) we obtain
k¯42 + k¯
2
2 sin
2 α0(3 cos
2 α0 − 1) + 9 sin4 α0 cos2 α0 = 0.
The latter equation has either the solutions
k¯2 =
sinα0√
2
√
1− 3 cos2 α0 ±
√
9 cos4 α0 − 42 cos2 α0 + 1
provided that α0 ∈ (π2 , arccos(−2−
√
3√
2
)), or the solutions
k¯2 = −sinα0√
2
√
1− 3 cos2 α0 ±
√
9 cos4 α0 − 42 cos2 α0 + 1
provided that α0 ∈ (3π2 , π + arccos(−2−
√
3√
2
)). Note that in both cases k¯22 ∈ (0, 4),
thus all solutions for k¯2 are compatible with k¯
2
1 + k¯
2
2 = 1 + 3 cos
2 α0. 
Corollary 5.12. Any proper-biharmonic Frenet curve in CP 2 is a holomorphic
circle or a holomorphic helix of order 4.
Remark 5.13. The existence of biharmonic curves of osculating order d ≥ 4 is an
open problem (the case d = 4 and n = 2 will be solved in the next section). We
note that there is no curve (not necessarily biharmonic) of order d = 5 in CPn such
that J¯E¯1 = cosα0E¯2 + sinα0E¯4, where α0 ∈ (0, 2π) \ {π}.
6. Biharmonic curves in CP 2
In this section we give the complete classification of all proper-biharmonic Frenet
curves in CP 2. From the previous section, we only have to classify the proper-
biharmonic Frenet curves of osculating order 4.
In the proof of Proposition 5.11 we have seen that
τ¯34 = −τ¯12 = cosα0, τ¯14 = −τ¯23 = − sinα0 and τ¯13 = τ¯24 = 0,
and
k¯1 sinα0 = −(k¯2 cosα0 − k¯3 sinα0),
which implies that k¯1 − k¯3 = −k¯2 cosα0sinα0 > 0.
Moreover, if α0 ∈ (π2 , arccos(−2−
√
3√
2
)), then
k¯1 − k¯3√
k¯22 + (k¯1 − k¯3)2
= − cosα0 = τ¯12, k¯2√
k¯22 + (k¯1 − k¯3)2
= sinα0 = τ¯23,
and, if α0 ∈ (3π2 , π + arccos(−2−
√
3√
2
)), then
k¯1 − k¯3√
k¯22 + (k¯1 − k¯3)2
= cosα0 = −τ¯12, k¯2√
k¯22 + (k¯1 − k¯3)2
= − sinα0 = −τ¯23.
In order to conclude, we briefly recall a result of S. Maeda and T. Adachi.
In [19], they showed that for given positive constants k¯1, k¯2 and k¯3, there exist four
equivalence classes of holomorphic helices of order 4 in CP 2 with curvatures k¯1, k¯2
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and k¯3 with respect to holomorphic isometries of CP
2. The four classes are defined
by certain relations on the complex torsions and they are: when k¯1 6= k¯3
k¯1 6= k¯3
I1 τ¯12 = τ¯34 = µ τ¯23 = τ¯14 = k¯2µ/(k¯1 + k¯3) τ¯13 = τ¯24 = 0
I2 τ¯12 = τ¯34 = −µ τ¯23 = τ¯14 = −k¯2µ/(k¯1 + k¯3) τ¯13 = τ¯24 = 0
I3 τ¯12 = −τ¯34 = ν τ¯23 = −τ¯14 = k¯2ν/(k¯1 − k¯3) τ¯13 = τ¯24 = 0
I4 τ¯12 = −τ¯34 = −ν τ¯23 = −τ¯14 = −k¯2ν/(k¯1 − k¯3) τ¯13 = τ¯24 = 0
where 

µ =
k¯1 + k¯3√
k¯22 + (k¯1 + k¯3)
2
ν =
k¯1 − k¯3√
k¯22 + (k¯1 − k¯3)2
,
and when k¯1 = k¯3 the classes I3 and I4 are substituted by
k¯1 = k¯3
I ′3 τ¯12 = τ¯34 = τ¯13 = τ¯24 = 0 τ¯23 = −τ¯14 = 1
I ′4 τ¯12 = τ¯34 = τ¯13 = τ¯24 = 0 τ¯23 = −τ¯14 = −1
Using Maeda-Adachi classification, we can conclude
Theorem 6.1. Let γ¯ be a proper-biharmonic Frenet curve in CP 2 of osculating
order 4. Then γ¯ is a holomorphic helix of order 4 of class I3 or I4 according to the
following table
I3 if τ¯12 < 0 and τ¯23 < 0
I4 if τ¯12 > 0 and τ¯23 > 0
Conversely,
(a) For any α0 ∈ (π2 , arccos(−2−
√
3√
2
)) there exist two proper-biharmonic holo-
morphic helices of order 4 of class I3 with
(6.1)


k¯2 =
sinα0√
2
√
1− 3 cos2 α0 ±
√
9 cos4 α0 − 42 cos2 α0 + 1
k¯3 = − 32k¯2 sin(2α0)
k¯1 = − 1sinα0 (k¯2 cosα0 − k¯3 sinα0)
.
(b) For any α0 ∈ (3π2 , π + arccos(−2−
√
3√
2
)) there exist two proper-biharmonic
holomorphic helices of order 4 of class I4 with
(6.2)


k¯2 = − sinα0√2
√
1− 3 cos2 α0 ±
√
9 cos4 α0 − 42 cos2 α0 + 1
k¯3 = − 32k¯2 sin(2α0)
k¯1 = − 1sinα0 (k¯2 cosα0 − k¯3 sinα0)
.
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